Abstract. Coupled flow-deformation analysis of consolidation in unsaturated lumpy clays is presented. The governing differential equations are discretised using the Galerkin method and the finite difference technique for space and time, respectively. Particular attention is given to the cross coupling coefficients arising from the pore scale deformation compatibility between micro and macro voids. Two examples are analysed: a one-dimensional soil column, and a strip footing acting on a two-dimensional medium of lumpy clay. A range of sensitivity analyses are preformed using different values of degree of saturation and volume fraction of macro voids. All results are carefully analysed and salient features of consolation in lumpy clays are highlighted. The significance of the cross coupling coefficients in the numerical results obtained are also examined.
Introduction
Natural and made geomaterials, such as fissured, aggregated and lumpy clays, frequently exhibit two scales of porosity: micro voids and macro voids. Fissuring is prevalent in stiff clays due to stress relief [1] , with aggregation occurring in agricultural soils and residual soils [2, 3] . Lumpy clays are encountered in dredged and excavated materials used as fill in reclamation sites [4] [5] [6] . In these soils, micro voids are typically referred to as pores, intra-aggregate or intra-lump, and macro voids as fissures, inter-aggregate voids or inter-lump voids [7, 8] . The micro and macro voids may be saturated with water, air or a combination of both, depending on the suction and capillary properties of the voids. The laboratory tests show a bimodal water retention curve for aggregated clays, reflecting the double porosity structure of the soils. Two distinctive zones are identified: one corresponding to the rapid desaturation of macro voids, while the micro voids remain saturated and the other reflecting the desaturation of micro voids after the macro voids have been "virtually" emptied [8] . In lumpy as well as aggregated soils, the desaturation of macro voids typically starts in low values of suction (air entry values on the order of 10 kPa) while desaturation of micro voids starts at higher values of suction (air entry values greater than 100 kPa). This implies that within a few meters above the water table the micro voids of a lumpy clay are likely to be saturated while the macro voids are dry.
The double porosity framework, first introduced by Barenblatt et al. [9] and Warren and Root [10] , is adopted in the present work to capture consolidation behaviour of lumpy clays. The early double-porosity models were based on the conservation of fluid mass and the equation of fluid momentum, ignoring the deformability of the soil matrix. Aifantis [11] [12] [13] and, Wilson and Aifantis [14] extended the double porosity concept to include matrix deformability, however neglected the deformation compatibility between micro and macro voids, leading to spurious simulations of void fluid pressure [15] . The alternative approaches followed the route of conventional fluid flow modelling and the implicit coupling with deformation through stress dependent compressibility coefficients [16] [17] [18] [19] . The rigorous treatment of the theory of flow and deformation in double porosity media for single and two phase immiscible fluid flow was presented by [20] [21] [22] . Using the load decomposition of Nur and Byerlee [23] , Khalili and Valliappan [20] established a constitutive link between matrix and pore volumetric deformations, as well as a link between the volumetric deformations of the two void systems. Both links are essential for an accurate modelling of flow and deformation in double porosity media as demonstrated experimentally by Khalili [15] .
In this paper, the consolidation behaviour of unsaturated lumpy clays, consisting of variably saturated macro voids and saturated micro voids (clay matrix) has been investigated. Two simple yet conceptually important problems, involving one and two dimensional consolidation are considered. The governing differential equations are presented within the framework of double porosity and 'equivalent' elasticity, and discretised using the Galerkin method and the finite difference technique for space and time, respectively. Macro voids are assumed to be variably saturated, whereas micro voids are taken to be saturated. The effect of volume fraction and degree of saturation of macro voids on the consolidation behaviour of lumpy clays has been studied. Comparisons are made between the consolidation behaviour of saturated and unsaturated lumpy clays, and the importance of a fully coupled representation of the two-phase fluid flow with deformation is highlighted.
Governing equations
The differential equations governing the deformation and two-phase fluid flow in a lumpy clay, adopting the double porosity conceptual framework, may be written as [22, 24] 
β αβ dp αβ
in which
where α, ζ = m, M denotes micro and macro voids, β, ζ = w, a stands for water and air; u is the matrix displacement vector; p αβ is the phase pressure and corresponds to the pressure of micro-void water, micro-void air, macro-void water and macro-void air; D is the tangent drained stiffness matrix of the lumpy clay; β αβ is the incremental effective stress parameter of phase αβ; κ αβ , ρ αβ and µ αβ are intrinsic permeability, density and dynamic viscosity of phase αβ respectively. δ = c m /c is the conventional incremental effective stress parameter for saturated double porosity media [20] ; c, c m and c s are the compressibility coefficients of lumpy clay, clay lumps (micro voids) and solid grains, respectively. n αβ and c αβ are volume fraction and compressibility coefficient of phase αβ.
The cross coupling effects are captured through coupling coefficients λ αβ,ξζ in governing Equation (2) . Total number of these coefficients is sixteen (4 × 4) which reduces to ten due to underlying symmetry of governing equations. Eight of these coefficients are defined in equation (3) . The remaining two; i.e. the coupling between water and air phases in each void (λ αw,αa and λ αa,αw ), is obtained from the water retention characteristic curve of corresponding voids as λ αw,αa = λ αa,αw = n α ∂S α ∂s α (4) in which, n α , S α and s α are porosity, saturation and suction in void α, respectively. The water retention characteristics of lumpy clays are assumed to be bimodal with two distinctive regions ( Fig. 1) as highlighted by Burger and Shakelford [25] , and Bagherieh et al. [8] . Region I corresponds to rapid desaturation of macro voids and starts from the suction equal to the air entry value in macro voids, s ae (M) . Region II corresponds to delayed desaturation of micro voids and starts from the suction equal to the air entry value of micro voids, s ae (m) . The range of suction between s ae(M) and s ae(m) which commonly occurs within a few meters above the water table, determines the state of saturation within the two void systems.
Equations (1) and (2) are a direct consequence of the equations of equilibrium, mass conservation and Darcy's Law
Γ β is the leakage flow of fluid β from micro voids into macro voids and vice versa, and is defined as
in which, σ is the shape factor, which is a function of the shape and size of the clay lumps, and may be expressed as σ = ϕ/L 2 where ϕ is a constant and L is the characteristic length of the clay lumps. Several approaches have been used to evaluate the shape factor (see [26] ). Assuming spherical clay lumps, the shape factor can be calculated from the solution of diffusion in a sphere [27] which is equal to π 2 a 2 where a is the radius of the sphere. Lim and Aziz [28] reported shape factor values based on the analytical solution to the diffusion equation for three joint sets as
which can be reduced to π 2 1
for two and one join sets, respectively. L 1 , L 2 and L 3 are the joint spacing in three orthogonal dimensions.
Numerical model
The finite element method has been used to solve the governing equations numerically. Spatial discretisation has been obtained using the Galerkin method, leading to the matrix equations (10) in which
N is the vector of shape functions;u andṗ αβ are the nodal values of the rate of displacement and phase pressures; and k αβ is the permeability tensor. K is the element stiffness matrix; C αβ is the coupling matrix between displacements and phase pressure αβ; H αβ is flow matrix corresponding to the mobility of phase αβ; M αβ,ζξ and L αβ are mass matrices corresponding to coupling between phases αβ and ζξ and the leakage term, respectively.Ṗ is the vector of nodal forces; Q αβ is the vector of nodal flux of phase αβ; and G αβ is the gravity vector. δ is the identity vector and ∇ is gradient operator defined for 2D plane strain conditions respectively as
To obtain a numerical solution of the governing equations, the rate form of the discretised equations need to be integrated over the time domain. The time integration is performed using a generalized trapezoidal method, such that for an arbitrary function f , over a time interval t one can write
where the f t and f t+ t are values of function f in time t and t + t. The time integration parameter θ, ranging between 0 and 1, defines the type of integration scheme. θ = 0 gives forward, θ = 1 backward, θ = 0.5 CrankNicolson and θ = 2/3 Galerkin scheme. The Galerkin scheme provides unconditional stability and first order of accuracy. It also provides better stability than the Crank-Nicolson scheme in spite of the lower accuracy. With the Crank-Nicolson scheme the solution can display oscillatory response, particularly in the vicinity of the perturbation [29, 30] . Applying Equation (13) to Equations (9) and (10) yields
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The final set of linear algebraic Equations (14) and (15) may be written in matrix form SX = F, in which S is the element's general stiffness matrix defined as
X is the vector of unknowns defined as
and F is the generalised force vector defined as
The four-node rectangular element for two-dimensional analysis has been used to interpolate all unknowns. The two-point integration scheme has been used.
One-dimensional consolidation
In this case, constant suction consolidation of a one-dimensional column of height h, formed by lumps of clay separated by macro pores, is subjected to a surface loading q. A schematic depiction of the medium is shown in Fig. 2 . Two distinct porosities, macro and micro voids, are identified. The surface, z = 0, is free-draining for macro voids (both air and water), while the bottom of the column, z = h, is assumed to be rigid and impervious. The micro voids are assumed to be sealed at all boundaries. The air entry value for macro and micro voids is set to zero, s ae(M) = 0, and 100 kPa, s ae(m) = 100 kPa, respectively. The water retention curve for the macro voids is assumed to be linear over suction range of 0 to 10 kPa, in which, suction value of 0 kPa indicates the fully saturated macro voids and suction value of 10 kPa corresponds to dry macro voids. The macro void relative permeability is assumed to be equal to phase saturation. This assumption has been verified experimentally using data reported by e.g. [31, 32] . The basic material properties used in the analysis are presented in Table 1 . The results of the analysis are shown in Figs. 3 to 8 . For validation purposes, the results by Khalili et al. [21] for saturated double porous media are also included in these figures. Figure 3 shows the average degree of consolidation versus non-dimensional time factor for different values of δ, where δ = c m /c is the incremental effective stress parameter for saturated double porosity media [20] , and represents the contribution of micro void compressibility to the overall compressibility of lumpy clays. The initial suction is taken as 10 kPa; under which, the macro voids are dry and micro voids are saturated. The time factor is defined as
where c is the odeometric compressibility coefficient defined as Figure 3 shows that lumpy clays with dry macro voids initially undergo an instantaneous compression upon application of the load followed by a gradual consolidation due to the lower permeability of dry macro voids. The extent of the initial compression and the reduced rate of consolidation depend on incremental effective stress parameter δ which is related to the ratio of the volume fraction of macro voids to the volume fraction of micro voids. The larger the volume fraction of the macro pores, the smaller the value of δ. Figure 4 presents the average consolidation of lumpy clay versus time factor for different values of initial suction for δ = 0.5. Suction values of 0, 2, 5 and 10 kPa which correspond to macro void degree of saturation S = 1, 0.8, 0.5 and 0 ( = 0.001), respectively. Once again, the greater the initial the degree saturation of macro voids, the smaller the initial instantaneous compression of the medium and the faster the rate of the subsequent consolidation.
Excess water pressure ratio, p w /q, versus time factor for both micro and macro voids at the base of the column, for the case of dry macro voids (suction value of 10 kPa) for different value of δ are shown in Fig. 5 . Unlike the saturated case, the initial rise in the macro void pressure is not the equal to the initial rise micro void pressure and lower the value of δ the higher initial excess pressure in the macro voids. Three distinctive regions of early, intermediate and late responses can be identifiable. In the saturated case, the early time corresponds to pressure dissipation of macro voids, with a slight rise in the micro-void pressure due to compression of macro voids. For the unsaturated macro-void case, the early time shows a spontaneous macro void compression, thanks to compressible air in macro voids. The early time may also be characterized by a very small rise in the fluid pressure within the micro voids. The reason for this rise is that as macro voids dissipate excess fluid pressure, the effective stress of solid skeleton increases and the entire double porosity medium undergoes compression. This compression results in transfer of an additional load to the micro voids, which is manifested in the observed rise in the fluid pressure in the micro voids in the early time response, similar to the Mandel-Cryer effect. The rise in the fluid pressure continues until the micro voids start leaking into the macro voids. This effect is a direct consequence of the microscopic coupling between macro and micro voids volumetric deformation. The intermediate compression of the dry macro voids is associated with a small increase in the excess water pressure in macro voids. This is due to the leakage of the fluids from micro voids to macro voids and slow dissipation of excess macro void water pressure due to the lower permeability of dry macro voids. Figure 6 shows the excess water pressure ratio versus time factor for different values of macro void saturation. The higher the macro void saturation, the higher the initial excess water pressure ratio and quicker the water pressure dissipation process. Figures 7 and 8 show the spatial variation of excess water pressure within micro and macro voids at T v = 0.5, respectively. Smaller values of δ increases the contribution of macro voids to consolidation of lumpy clays. Therefore, the initial excess water pressure in the macro voids is higher for lower values of δ, which in turn reduces the excess water pressure in the micro voids. 
Two-dimensional consolidation problem
In this example, the consolidation of a two-dimensional plane strain lumpy clay subjected to a strip loading of intensity, q, and width 2a is considered. Due to symmetry, only half of the problem has been simulated. The lateral and vertical extents of the medium are assumed to be 5a and 10a, respectively, as shown in Fig. 9 . The model is divided into 16 elements in the horizontal direction: x = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.25, 1.50, 2, 3, 4 and 5, and 18 elements in the vertical direction: z = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.25, 1.50, 2, 3, 4, 5, 7 and 10. The surface z = 0 is assumed to be free-draining for macro voids, whereas bottom of the model, z = 10 m, is impervious and rigid.
Similar to the one dimensional case, the air entry value for macro voids is set to zero, s ae(M) = 0, and that for the micro voids is set to 100 kPa, s ae(m) = 100 kPa. Linear water retention curve and relative permeability-saturation curves are assumed for macro voids. Again, water retention curve is defined over a suction range of 0 to 10 kPa with suction value of zero corresponding to fully saturated macro voids and suction value of 10 kPa corresponds to dry macro voids. The material properties used in the simulation are presented in Table 2 . Figure 10 shows the temporal variation of non-dimensional settlement of centre of the strip loading versus dimensionless time factor for different values of δ. The initial suction is assumed to be 10 kPa, corresponding to dry macro voids (S = 0.001). The non-dimensional settlement is defined as 
The time factor is defined as
where G is the shear modulus of fissured clay and u is the vertical settlement. For saturated macro voids, the results from present study are in good agreement with published results [21] . For unsaturated macro voids, once again the higher volume fraction of macro voids (lower value of δ) produces larger initial compression of the medium. Similar to one-dimensional analysis, air-filled macro voids show larger initial settlement. However, the ultimate settlement occurs at a slower rate than the saturated one due to the lower permeability of water in the macro voids. Figure 11 shows the non-dimensional settlement versus time factor for different values of saturation in macro voids at δ = 0.5. The higher the macro voids saturation, the lower initial settlement, followed by faster consolidation.
Increasing the air fraction in the macro voids slows the excess void water pressure dissipation and hence prolongs the consolidation process. Figure 12 shows the spatial variation of the surface settlement at T v = 0.1 for different values of δ while the initial suction assumed to be 10 kPa, corresponding to dry macro voids (S = 0.001). T v = 0.1 corresponds to early time response of consolidation of lumpy clays which includes the compression of air phase within the macro voids and the associated prompt surface settlement. Therefore, higher volume fraction of macro voids produces higher surface settlement. Excess water pressure ratio in macro and micro voids have been presented respectively in Figs. 13 and 14 for different values of δ along the centre line of the applied load at T v = 0.1. The volume fraction of micro and macro voids (proportional to δ and 1 − δ, respectively) defines the load bearing share of each void. Therefore, the higher value of δ generates higher excess water pressure in micro voids and lower excess water pressures in macro voids. In general, the generated excess water pressure for unsaturated cases are lower than those for saturated case, as expected. However, presence of air inside macro voids reduces the water relative permeability which in turn results in slower dissipation rates. As such, macro and micro void excess water pressures are more than saturated one in depths close to surface for δ values smaller than 0.5. 
Cross coupling effects
To investigate the effect of cross coupling coefficients (which is often ignored in the literature) in modelling of coupled phenomena in saturated and unsaturated lumpy clays, the one-dimensional consolidation problem was reanalysed with the cross coupling coefficients λ mw,Mw , λ mw,Ma , λ ma,Mw and λ ma,Ma set equal to zero. The same material properties as those in the one-dimensional consolidation problem were used in the analysis. Figures 15 to 17 show the temporal variation of average degree of consolidation, micro and macro void excess water pressure with and without cross coupling effects for both saturated and dry macro voids. The micro voids are assumed to be saturated. The value of δ is assumed to be 0.6. As shown in Fig. 15 , ignoring the cross-coupling effects the model yields no immediate settlement of the medium despite assigning a significant fraction of the pore volume in the consolidating medium to dry macro voids. Figure 16 also shows that ignoring cross coupling coefficient leads to loading induced micro void excess pressures which are greater than applied load, which are physically inadmissible. In contrast, spuriously low initial excess water pressures are also recorded in the macro void (Fig. 17) . For the saturated case, for instance, the initial excess water pressure in the macro voids immediately after application of the load should be equal to the applied load, and this is correctly captured with the cross coupling coefficients included in the model.
Conclusions
A finite element model for two phase fluid flow through lumpy clays has been developed. Spatial discretisation is based on the Galerkin method, while the time integration is performed using the finite difference technique. The consolidation behaviour of partially saturated lumpy clays, with variably saturated macro voids and saturated micro voids, for a one-dimensional consolidating soil column and a strip loading on a two-dimensional medium has been investigated. This state of saturation is frequently encountered in practice within a few meters above the water table in a lumpy clay fill. The impacts of macro void compressibility and degree of saturation on consolidation rate and dissipation of excess water pressure in lumpy clays are investigated. It is shown that the air fluid inside macro voids increases the prompt compressibility of macro voids and associated initial compression of the medium. However, the presence of air within macro voids also reduces the relative permeability for water flow, resulting in slower consolidation process. In general, the interplay of macro pore compressibility and reduced permeability due to presence of air renders pore pressure generation and dissipation in lumpy clays rather complex and at times counterintuitive. This is demonstrated through several numerical examples. Also demonstrated is the importance of cross coupling coefficients in the numerical analysis of lumpy clay, and it is shown that their absence can lead to physically inadmissible results.
